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ABSTRACT: Based on historical series, for each locality, equations can characterize the relationship between 
intensity, duration and frequency of rainfall occurrence. The objective of this study was to present two equations 
that can describe the occurrence of intense rainfall in Pelotas, RS state, over the period 1982-2015. The two 
equations were denominated conventional and hybrid, depending on the probabilistic model used. Following 
the conventional methodology, the parameters of Normal, Log-Normal, Gumbel and Gamma probability 
distributions were adjusted by the maximum likelihood method for return periods of 2, 5, 10, 20, 25, 50 and 
100 years. The maximum intensity values for the hybrid equation were obtained using the empirical model 
of Weibull, considering return periods of 2, 5, 10, 20 and 25 years. On the other hand, the same theoretical 
distributions used in the conventional equation were applied to return periods of 50 and 100 years. The 
Kolmogorov-Smirnov test was used to select the best fitting distribution for the data. In order to verify the 
information acquired through the Weibull empirical model in comparison to the theoretical distributions, 
the t-test was applied to the angular coefficients. Significant differences were not verified between the values 
of maximum rainfall intensities obtained using the two methodologies, for the pre-established durations and 
return periods. Thus, considering the maximum rainfall intensities values (durations of 5-1440 min) and 
return periods of 2-100 years in the municipality of Pelotas, RS, Brazil, both the hybrid and the conventional 
intense rainfall equations can be used.
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Modelagem da probabilidade das relações intensidade-duração-frequência 
de ocorrência da precipitação pluvial para Pelotas, RS

RESUMO: Com base em séries históricas, para cada localidade, equações podem caracterizar a relação entre 
a intensidade, duração e frequência de ocorrência de precipitação pluvial. Objetivou-se apresentar duas 
equações para a localidade de Pelotas, RS, no período de 1982-2015, uma denominada convencional e outra 
híbrida, dependendo do modelo probabilístico utilizado. Na metodologia convencional foram ajustados 
os parâmetros das distribuições de probabilidade Normal, Log-Normal, Gumbel e Gama, pelo método da 
máxima verossimilhança, para os períodos de retorno de 2, 5, 10, 20, 25, 50 e 100 anos. Para a equação híbrida, 
os valores de intensidade máxima foram obtidos utilizando o modelo empírico de Weibull, nos períodos 
de retorno de 2, 5, 10, 20, 25 anos. Por outro lado, as mesmas distribuições teóricas utilizadas na equação 
convencional foram aplicadas para os períodos de retorno de 50 e 100 anos. A seleção da distribuição que 
melhor se ajustou aos dados foi realizada pelo teste Kolmogorov-Smirnov. Para verificar o ganho de informação 
em utilizar o modelo empírico de Weibull, comparativamente às distribuições teóricas, utilizou-se o teste t 
para o coeficiente angular. Com base nos resultados não foram verificadas diferenças significativas entre os 
valores de intensidade máxima obtidos por ambas metodologias, nas durações e períodos de retorno pré-
estabelecidos. Assim conclui-se que para a obtenção dos valores de intensidade máxima, nas durações de 5 
a 1440 min, nos períodos de retorno de 2 a 100 anos, para o município de Pelotas, RS, pode-se utilizar tanto 
a equação de chuvas intensas denominada híbrida como a convencional.

Palavras-chave: registros pluviográficos, chuvas intensas, intensidades máximas de chuva
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Introduction

The intensity-duration-frequency (IDF) relationship of rainfall 
occurrence can be represented by mathematical models generated 
from historical data series, such as rainfall records, relative to the 
place of interest (Silva et al., 2002; Souza et al., 2012).

The conventional methodology for obtaining intensity-
duration-frequency relationships has been widely reported in 
the literature (Goulart et al., 1992; Garcia et al., 2011; Damé 
et al., 2016). Nevertheless, some questions still need to be 
answered: (i) Why theoretical models of probability should be 
used to obtain values of maximum intensity for return periods 
shorter than the length of the sampled period? (ii) What is the 
influence of the objective function on the intensity-duration-
frequency relationships coefficients obtained through the 
numerical optimization algorithm? (iii) Can someone prove 
that there are no significant differences between the values of 
historical maximum intensity and those obtained through the 
traditional methodology?

These questions justify the hypothesis that the period and 
size of the data series, as well as the values of maximum rainfall 
intensity over short periods of time, should be considered in 
the analysis of intense rains.

Despite the apparent availability of intensity-duration-
frequency relationships, it is important to note that the limits of 
the equations are mostly unknown: these limitations may interest 
in particular the type of series used, the annual or partial rainfall 
duration (Sansigolo, 2008), the extension and representativeness 
of the series, the duration and the return period.

In this view, the present work aims at obtaining intensity-
duration-frequency relationships from available pluviographic 
records (1982-2015) for the locality of Pelotas, Rio Grande 
do Sul state, by considering both conventional and hybrid 
methodologies and using both empirical and theoretical 
probability models.

Material and Methods

The city of Pelotas is located in the state of Rio Grande do 
Sul, Brazil (31° 46’ 34” S, 52° 21’ 34” W), at an average altitude 
of 13.2 m. According to the Köppen climate classification, the 
city is located within a subtropical and humid region, which 
does not experience drought and has an average total annual 
rainfall of 1366.9 mm.

The data used in this study were obtained from the 
Agroclimatological Station maintained by the Empresa 
Brasileira de Pesquisa Agropecuária (EMBRAPA) and the 
Universidade Federal de Pelotas (UFPEL), and comprise 34 
years of pluviographic records (1982-2015). 

The hyetographs, which include all rainy days, were used 
to calculate the maximum annual intensities (mm h-1) for 
pre-established durations of 5, 10, 15, 20, 30, 60, 120, 360, 720 
and 1440 min.

The stationarity and independence of the maximum 
intensities obtained for different durations were verified 
using the non-parametric Mann-Kendall test and the sample 
autocorrelation function (Kendall & Stuart, 1967; Blain & 
Camargo, 2012; Blain & Meschiatti, 2014), respectively.

An empirical frequency analysis was applied through the 
Weibull method to the maximum annual intensities associated 
with return periods (RP) of 2, 5, 10, 20, and 25 years; on 
the other hand, for return periods of 50 and 100 years, the 
probability distributions (Normal, Log-Normal, Gumbel and 
Gamma) were adjusted by the maximum likelihood method, 
composing hybrid series.

These types of distributions have been widely applied in 
previous studies (e.g., Silva et al., 2002; Sansigolo, 2008; Back et 
al., 2011; Souza et al., 2012; Mello & Viola, 2013; Fechine Sobrinho 
et al., 2014), while the maximum likelihood method has been 
already used in Ramos & Moala (2014) and Kruel et al. (2015).

The conventional series were obtained from the same 
probability distributions applied to the hybrid series, but 
considering return periods of 2, 5, 10, 20, 25, 50, and 100 years.

The probability distributions for the hybrid and conventional 
series were selected through the Kolmogorov-Smirnov test 
(0.05) (as in Ferreira et al., 2005; Soccol et al., 2010; Souza 
et al., 2013). The adjustment of the probability models and 
the KS test were performed through R software routines (R 
Development Core Team, 2011).

To obtain the parameters of the intensity-duration-
frequency equations, we minimized five objective functions 
(OF) (Eqs. 2 to 6) were minimized through the Microsoft Excel 
‘Solver’ tool, which uses a non-linear optimization code called 
‘Generalized Reduced Gradient’ (Martínez et al., 2012). The 
selected objective function was the one having the lowest Root 
Mean Square Error (RMSE).

The intensity-duration-frequency relations are presented 
in Eq. 1 (Borga et al., 2005; Silva et al., 2006):

I K RP
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where:
I  - maximum average rainfall intensity, mm h-1;
RP  - return period, years;
t  - rain duration, min; and,
K, a, b, c - adjustment parameters of the equation.
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OF4: Normalized RMSE:

than the critical values at p ≤ 0.05 (Pinheiro et al., 2013; Silva 
& Streck, 2014). 

Moreover, the results showed independence of the data, 
since the sample correlation coefficients (r1) for all durations 
were comprised within the confidence interval of 0.95 (Teixeira 
et al., 2011).

The Normal, Gumbel, Log-Normal and Gamma probability 
distributions were calculated through maximum likelihood 
estimation (MLE) for the series of maximum rainfall intensity 
(mm h-1) and rainfall durations of 5, 10, 15, 20, 30, 60, 120, 
360, 720 and 1440 min (Table 2).

The parameters µ e σ, average and standard deviation, 
respectively, of the Normal distribution (Table 2) bring 
foward a decreasing behavior with increasing durations, 
in which the highest values are found in the shortest 
durations. This behavior is also observed for the parameters γ 
(Gumbel distribution location parameter), µLOG (Log-Normal 
distribution logarithmic data parameter) and β (Gamma 
distribution scale parameter). This may be related to the 
characteristic of the historical series for analysis of intense rains 
in which high values of maximum intensities are associated to 
the small durations.

Table 3 presents the calculated values of Kolmogorov-
Smirnov test (D) for the Normal, Gumbel, Log-Normal and 
Gamma probability distributions, obtained through maximum 
likelihood estimation (MLE) for the series of maximum rainfall 
intensity (mm h-1) and the analyzed durations.

NRMSE RMSE
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=

OF5: Nash-Sutcliffe efficiency coefficient:
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where:
Xobs  - observed values of maximum rainfall intensity, mm h-1; 
Xeq  - estimated values of maximum rainfall intensity, 

mm h-1, obtained from the intensity-duration-frequency 
relationships determined from each OF;

Xobs and Xeq - arithmetic means of the observed and 
estimated series, respectively; and,

n  - total number of elements in the series.

After selecting the parameters and obtaining the hybrid 
and conventional intensity-duration-frequency, the values 
of maximum rainfall intensity (mm h-1) of the two intensity-
duration-frequency were compared between each other; the 
intensity-duration-frequency were then directly applied to the 
durations of interest through the Student's t-test.

For this test, the null hypothesis (H0) for the angular 
coefficient β1 was that H0: β1 = 0. In other words, there was 
no evidence of significant differences between the values of 
maximum intensities (mm h-1) obtained from the hybrid and 
conventional intensity-duration-frequency relationships.

Results and Discussion

Table 1 shows the Mann-Kendall statistics (Z) and the 
sample autocorrelation coefficients (r1) of the maximum 
rainfall intensities (mm h-1) for all durations.

According to Table 1, the values of maximum rainfall 
intensity for the pre-established durations were stationary, 
since the Z values of the Mann-Kendall statistics were lower 

Zcritical = 1.96; r1 = (-0.366; 0.306); p ≤ 0.05

Table 1. Mann-Kendall statistics (Z) and sample autocorrelation 
coefficient (r1) of the maximum rainfall intensities (mm h-1) 
for durations of 5, 10, 15, 20, 30, 60, 120, 360, 720 and 1440 
min (years 1982-2015)

µ and σ −  Mean and standard deviation of the sample; γ and λ - Location and scale parameters;  µLOG and σLOG −  Mean and standard deviation of the logarithmic data; β and ν - Scale 
and shape parameters

Table 2. Normal, Gumbel, Log-Normal and Gamma probability distributions, estimated through maximum likelihood estimation 
(MLE) for the series of maximum rainfall intensity (mm h-1) and durations of 5, 10, 15, 20, 30, 60, 120, 360, 720 and 1440 min

(5)

(6)
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The Gumbel probability distribution had the lowest values 
for most durations, among those calculated through the KS 
test (p ≤ 0.05). The Gamma distribution presented a lower KS 
statistic value only for a duration of 120 min.

Since a continuous random variable can be represented by 
more than one probabilistic model, it is important to choose 
the appropriate data series distribution for the studied locality, 
in order to minimize the error linked to the estimation of 
maximum rainfall intensity values for long return periods 
(Sansigolo et al., 2008; Back et al., 2011; Beskow et al., 2015).

Table 3 shows how, for a duration of 5 min, none of the 
tested distributions were adequately adjusted to the series: 
the statistic values obtained from the KS test were higher than 
those of the critical statistics (0.2274; p ≤ 0.05), rejecting H0 
and indicating that the observed data were not distributed 
similarly to the tested distributions.

The inadequacy of the data in respect to the probability 
distributions can be explained by the existence of repetitive 

maximum rainfall intensity values (e.g., 120 mm h-1). These 
repeated values were obtained by the interpretation of the 
hyetographs, and the maximum rainfall intensities were 
calculated to obtain series of pre-established duration.

In applying the probability distributions to the series with 
repeated values, the same values were actually considered 
in different positions; hence, different values of occurrence 
probability were assigned to the same value of maximum 
rainfall intensity (120 mm h-1), causing an inadequate 
adjustment of the series distributions.

The probability distribution of Gumbel was selected and 
obtained the maximum rainfall intensity values for durations 
from 5 to 1440 min, and for return periods from 2 to 100 years 
(Table 4). These values were subsequently employed to obtain 
the conventional and hybrid intensity-duration-frequency 
parameters.

Table 4 shows that for the shortest duration analyzed (5 min), 
the maximum rainfall intensities were higher than those 
observed for longer durations. The high values of maximum 
rainfall intensities for short durations (5, 10, 15, 20 and 30 min) 
were expected considering the characteristics of intense rains. 

In the case of hybrid intensity-duration-frequency 
relationship, the maximum rainfall intensities for each duration 
were estimated empirically; in fact, as mentioned before, the 
historical series included 34 years of data and it was possible to 
use historical values of maximum rainfall intensity for return 
period of up to 25 years. For longer return period (50 and 100 
years), the maximum rainfall intensity values obtained from 
the Gumbel distribution were considered.

Table 5 shows the K, a, b and c coefficients of the 
conventional and hybrid intensity-duration-frequency 
equations, obtained by minimizing the objective functions, 
and the results of the RMSE.

For the conventional intensity-duration-frequency 
equation, the lowest RMSE value was obtained by applying 

Table 3. Calculated values of Kolmogorov-Smirnov test (D) 
for the Normal, Gumbel, Log-Normal and Gamma probability 
distributions, obtained through maximum likelihood 
estimation (MLE) for the series of maximum rainfall intensity 
(mm h-1) and rainfall durations in the municipality of Pelotas, 
RS state, Brazil

KScritical = 0.2274; p ≤ 0.05; D - Calculated KS statistics for 34 years of data

Table 4. Maximum rainfall intensity values (mm h-1) for conventional and hybrid intensity-duration-frequency relationships 
in the municipality of Pelotas, RS state, Brazil
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OF2: the K, a, b and c coefficients were 1,100.00, 0.163, 16.47, 
and 0.766, respectively. For the hybrid intensity-duration-
frequency equation, the lowest RMSE value was obtained by 
applying OF4: the K, a, b and c coefficients were 1,000.00, 0.170, 
20.00, and 0.735, respectively.

Equations 7 and 8 show the intensity-duration-frequency 
equations obtained from the adjustment of the conventional 
and hybrid series values (years 1982-2015), respectively, 
according to Eq. 1.

associated with the hydroclimatological changes (Horikoshi 
& Fisch, 2007).

Table 6 presents values of β1 coefficient, Student's t-test, 
t (β1), the probability (p) of type I error and the correlation 
coefficient (r) values, allowing a comparison of the maximum 
rainfall intensities obtained from the hybrid and conventional 
intensity-duration-frequency equations.

The maximum intensities obtained from the hybrid and 
conventional intensity-duration-frequency equations do not 
differ for all return periods: the values calculated from t for 
the coefficient β1 were lower than the critical value of t (0.05) 
(Table 6); hence, the H0 hypothesis can be accepted.

It is possible to use the appropriate probability distribution, 
which is adjusted to the data series. On the other hand, it is 
possible to use the empirical form to acquire new data when 
long historical series are available. Continuous revisions of 
the intensity-duration-frequency relationships are particularly 
needed once new pluviographic records are incorporated 
into previous historical series: they will include new extreme 
rainfall events.

In several studies (Silva et al., 2002; Oliveira et al., 2005; 
Garcia et al., 2011; Ghanmi et al., 2016), intensity-duration-
frequency equations were obtained following a standardized 
methodology: (i) the maximum annual rainfall was calculated 
for each duration, based on historical data; (ii) a theoretical 
probability distribution was adjusted for each duration; (iii) 
each rainfall value was divided by its duration, obtaining the 
correspondent intensity; (iv) the resulting curves were used 
to reconstruct the intensity-duration-frequency relationships.

In the present study, instead, an hybrid intensity-
duration-frequency equation was calculated. Here, the values 
of maximum rainfall intensities for return periods of 2, 5, 
10, 20, and 25 years were obtained by empirical frequency 
analysis (using the Weibull formulation), whereas those for 
return periods of 50 and 100 years were obtained from the 
conventional intensity-duration-frequency equation (using 
the probability distribution that best fitted the data series). 

Goulart et al. (1992) studied the same municipality which 
was the focus of this investigation: the city of Pelotas, RS state, 
Brazil. They defined as intense rainfalls those ones that met 
minimum intensity values of 40, 25, 15, 6.3, 3.7 and 2.3 mm h-1, 
respectively for rainfall durations of 30, 60, 120, 360, 720 and 
1440 min (years 1961-1991).

Table 5. K, a, b and c coefficients of the conventional and 
hybrid intensity-duration-frequency equations, obtained 
from the objective functions (OF) for the maximum rainfall 
intensities data series

RMSE - Root Mean Square Error
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The intensity-duration-frequency equations presented here 
provide additional information for future hydrological studies 
of Pelotas, RS state, Brazil, compared to previous ones: their 
maximum rainfall intensity values are valid for durations of 
5 min, while those of the relationships presented by Goulart 
et al. (1992) were valid only for durations of 30 min or higher.

The intensity-duration-frequency equations should be 
periodically reviewed to include extreme events, since they 
are obtained from data samples over a period of n years; this 
process ensures a proper use of these relationships in hydraulic 
structure projects. 

Since the final objective of this kind of study would be to 
model intense rainfalls of even shorter duration (Oliveira et al., 
2005), it is important to identify the smallest rainfall intensity 
values used to obtain the intensity-duration-frequency 
equations: this would allow the generation of enough points to 
define intensity-duration-frequency equations which describe 
different return periods, and completely characterize them.

The intensity-duration-frequency equations relations 
presented here refer to the period of 1982-2015 (34 years) 
and include a series of updated data, whereas the relationships 
presented by Goulart et al. (1992) referred to an earlier and 
shorter time period (1961-1991: 31 years); additionally, it 
is important to consider the current rainfall characteristics ttab (5%) = 2.26; p = 0.05

Table 6. Values of β1 coefficient, Student's t-test, t (β1), the 
probability (p) of type I error and the correlation coefficient 
(r), obtained by comparing the maximum rainfall intensities 
(Imax) obtained from the hybrid and conventional intensity-
duration-frequency (IDF) equations for return periods (RP) 
of 2, 5, 10, 20, 25 and 100 years

(7)

(8)
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In this study different values from those of Goulart et 
al. (1992) were obtained. In fact, were considered as intense 
rainfalls those that, for durations of 5, 10, 15, 20, 30, 60, 120, 
360, 720 and 1440 min, reached minimum rainfall values of 5, 
9, 13, 14, 15, 19, 24, 30, 40 and 53 mm, respectively (these values 
include the maximum and minimum values of the series).

In terms of maximum rainfall intensities, this work considered 
as intense rainfalls those that, for durations of 5, 10, 15, 20, 30, 
60, 120, 360, 720 and 1440 min, met minimum intensity values 
of 60, 54, 52, 42, 30, 19, 12, 5, 3.33 and 2.21 mm h-1, respectively 
(years 1982-2015).

Conclusions

1. Two equations obtained can characterize the intensity, 
duration and frequency of precipitations in the locality of 
Pelotas, RS state, Brazil, based on rainfall records, considering 
both the conventional methodology (empirical models) and a 
hybrid methodology (theoretical models). 

2. The conventional and hybrid methodologies provided 
maximum rainfall intensity values for the durations and 
the pre-established return periods, avoiding any loss of 
information: no significant differences were found between 
the values obtained from the two methodologies.

3. The maximum rainfall intensity values associated with 
the durations and return periods can be determined through an 
empirical formulation, provided that the number of elements of 
the series is equal or greater than the established return period.

4. The objective function influences the choice of the 
parameters related to the intensity, duration and frequency 
equations; hence, it is important to estimate the maximum 
rainfall intensity values for the locality of interest.
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